A survey of diffusion operators for compressible CFD solvers on unstructured grids is conducted to understand different formulation procedures for viscous fluxes. A patch-wise version of the method of manufactured solutions is used to test the robustness and accuracy of the diffusion operators. These diffusion operators are tested and compared on different mesh topologies in 1D and 2D to study the effect of mesh quality, mesh resolution, and the solution behavior. In 1D the mesh quality is determined by stretching the mesh by a constant factor, whereas in 2D the mesh quality includes stretching, aspect ratio, skewness, and curvature. Insight into the role of mesh quality on the diffusion terms is gained by examining the truncation error for diffusion terms evaluated with central differences in transformed coordinates. Quantities examined include the numerical approximation errors and order of accuracy associated with face gradient reconstruction and diffusion term integration. In addition, the positivity of the diffusion term is examined which provides a measure of the numerical stability of the gradient operators. In the present work, the testing of diffusion operators is limited to cell-centered finite volume methods that are formally second order accurate.
I. Introduction
OR well over a decade, there has been significant work on the development of algorithms for the compressible Navier-Stokes equations on unstructured grids. This work is motivated by the fact that unstructured grids allow more automation of the grid generation process and thus less of the analyst's time relative to structured grids. One of the challenging tasks during the development of these algorithms is the formulation of consistent and accurate diffusion operators. Here we define the diffusion operator as the second derivatives of velocity that appear in the viscous stress tensor. A robust approach is desired for the treatment of diffusion operators such that they are at least second order accurate on various unstructured cell topologies. In addition, the robustness and accuracy of the diffusion operator also depends on the mesh quality. There are some general steps followed in the formulation of these diffusion operators. In many cases, Gauss's theorem is used to integrate the viscous fluxes on the cell surfaces. Other common steps involved for computing the diffusion terms include the construction of gradients at the cell centroids and the interpolation of the gradients to the cell faces. Although this approach is not universal, it is a common approach in the latest formulations for the diffusion operator. There are also other ways of directly calculating the gradient on the cell faces. two nodes defining the end points. The solution variables at the nodes were obtained by the second order interpolation of the conserved variables from those cells sharing the node. A similar formulation of viscous fluxes on the cell faces was used by Ollivier-Gooch et al. 2 They presented a new approach for high-order-accurate finite volume discretization for diffusive fluxes that were based on the gradients computed during solution reconstruction. They worked on both cell centered and vertex centered schemes. For cell centered control volumes, gradients were calculated by using Green-Gauss integration around a diamond connecting the end points of an edge and the centroids of the cells that share the edge. The solution at the end points of the edge was estimated by averaging data in incident control volumes. They achieved second-order and fourth-order accuracy by having their schemes based on linear and cubic reconstruction on two-dimensional unstructured grids.
Vaassen et al. 3 presented a finite volume cell centered scheme for the solution of the three-dimensional NavierStokes equations where they used a conservative and consistent discretization approach for the diffusive terms based on an extended version of Coirier's diamond path. 4 A Gauss formula was employed to perform the integration of fluxes on the cell surfaces. To obtain a consistent discretization of the diffusion terms regardless of the irregularity of the mesh, a second order approximation of the gradient was used. For the calculation of gradients on the face centers, a diamond path was built by connecting each vertex of the face to the left and right neighboring cell centroids, forming a polyhedron on which a Green-Gauss formula was applied. The diamond path is shown in Figure 1 . Numerical results using the solver were shown to have good accuracy even on highly distorted meshes. Grismer et al. 5 developed an implicit, unstructured Euler/Navier-Stokes finite volume solver which is based on a cell centered scheme. In their procedure for the calculation of viscous fluxes, a piecewise linear reconstruction was used to approximate the solution variables within cells. The linear reconstruction was derived from the cell values and gradients by applying a second-order Taylor-series expansion. The gradient at the cell centroid was evaluated by minimizing the weighted error between the reconstructed function and the neighboring cell values. The gradient on the face was shown as a vector sum of the components normal and tangential to the face. The tangential component of the gradient vector at the cell face was the average of tangential components of the gradients in the two cells sharing the face. Luke 6 used the same formulation for the viscous fluxes with some changes in the normal gradient calculation. The changes were made after the formulation for the diffusive fluxes was shown to be inconsistent on a skewed curvilinear mesh. 13 The diffusion operator formulations used by Grismer 5 and Luke 6 are different from the approaches discussed earlier. Instead of directly calculating the gradients at the face centers, the gradients were calculated at the cell centriod and then interpolated to the face centers. Diskin et al. 7 compared the discretization of the diffusion terms in the finite volume unstructured grid schemes which are second-order accurate using nodecentered and cell-centered approaches.
Many authors also employ finite-element methods for computing viscous flows governed by Navier-Stokes equations. Sun et al. 8 extended a spectral volume method to handle viscous flows. Using the spectral volume method high-order accuracy was achieved through high-order polynomial reconstructions within spectral volumes. They developed a formulation similar to the Local Discontinuous Galerkin (LDG) approach to discretize the viscous fluxes. Gauss's theorem was used to integrate the gradients in the control volume. Kannan et al. 9 improved the Navier-Stokes solver developed by Sun et al. 7 based on the spectral volume method with the use of a new viscous flux formulation. Instead of a LDG-type approach, a penalty approach based on the first method of Bassi and Rebay 10 was used. The advantage of the penalty approach over the LDG approach was the speed up of the 3 convergence with the implicit method and indicated that the approach had a great potential for 3D flow problems. Fidkowski and Darmofal 11 also used a finite-element approach for high order discretizations of the compressible Navier-Stokes equations. The viscous flux terms were discretized using the second form of Bassi and Rebay 10 . In the development of a numerical diffusion operator, one generally desires the creation of an accurate and robust operator. Generally, we would also like for the discrete operator to share important properties with the original continuous operator. For diffusion operators there are three properties that we would like to satisfy in order to guarantee and these are as follows:
1. The operator should be numerically conservative. 2. The operator should not generate new extrema. That is, the maximum and minimum solution values for diffusion processes should occur at the boundaries. 3. The operator should be linearity preserving. That is, the operator should evaluate identically to zero when given a linear function. Satisfaction of the first property of conservation when using a finite-volume scheme is easily achieved. If the operator is defined as a sum of fluxes over all of the faces of a cell, and the shared faces utilize the same flux, then conservation is automatically achieved. The challenge then turns to the formulation of the cell interface fluxes. The second property can be evaluated simply for linear schemes. For linear schemes the operator which is formed from the sum of interface fluxes is written as a weighted sum of neighboring cell values. If all of the weights in this sum are positive then the operator will not produce new extrema as each cell value is an average of neighboring values and thus will be bounded by them. Note: For this argument to hold the weights of immediately adjacent cells must be non-zero, otherwise a degenerated 'rotated' Laplacian could result. An operator that does not satisfy this property could result in solutions where there is unbounded growth in the solution. As a result, second property is required to produce a robust scheme. It has been shown for finite-element schemes that a positive stencil will be generated for Delaunay simplex meshes. For mixed element meshes, such as those found in typical unstructured viscous meshes, no such guarantee has been shown. For finite-volume meshes, the most typical strategy for formulating the viscous fluxes is to employ a directional derivative technique whereby the derivative in the direction of the vector connecting cell centroids is computed using the cell values on either side of the face, while gradients in other directions are computed through an average of the cell centered gradients. This averaging technique avoids the 'rotated' Laplacian stencil that will result if a simple average of cell centered gradients were used. Strang et al. 14 showed that for VGRID generated meshes up to the thirty percent of mesh cells had negative coefficients in the diffusion operator stencil. Haselbacher et. al. 18 showed that for a linear scheme, one could not in general satisfy all of the three conditions listed above; therefore one must either relax these requirements or resort to some form of non-linear limiting procedure to create a robust diffusion operator within the context of a finite volume scheme. We note that when the stencil positivity property is violated, it usually doesn't result in failure of the scheme; however the robustness of such a scheme is not satisfactory for production use. Finally, linearity preserving is generally required to achieve a second order reconstruction. At the very least, failure to satisfy the linearity preservation property guarantees that the solution will be highly sensitive to the local quality and distribution of mesh elements.
III. Framework for Testing Diffusion Operators
The robustness of a diffusion operator in the Navier-Stokes equations can be tested using approaches that similar to those from the method of manufactured solutions 12 often employed for code verification. During this procedure, a smooth analytic solution is selected and uses that analytic function to assess the diffusion operator similar to those used in method of manufactured solutions. For the diffusion operator to be verified, the observed order of accuracy is required to match the formal order of accuracy.
An analytic solution similar to that used for the method of manufactured solution can be applied to the individual steps in formulating the diffusion operator. To formulate the diffusion operator, one of the common procedures is to calculate the gradients on the cell faces and to calculate the viscous terms at the cell centers by integrating the flux values on the cell faces. Individually, both the solution gradients and the diffusion term at the cell centers can be tested for the accuracy of the diffusion operator. If the observed order of accuracy calculated from multiple mesh levels matches the formal order, the diffusion operator can be considered verified. Since the robustness of the diffusion operator depends on the mesh quality and the solution, these parameters can be altered during the testing process to build an accurate and consistent diffusion operator.
Veluri et al. 13 used the method of manufactured solutions to test the order of accuracy of the Loci-CHEM Navier-Stokes CFD code which includes a diffusion operator. Initially when the Navier-Stokes equations were tested on the skewed curvilinear meshes, the discretization error did not decrease with the mesh refinement and the observed order of accuracy dropped close to zero with the mesh refinement. Since the code was verified when tested for Euler equations, the source of the problem was found to be in the formulation of the diffusion terms.
14 A modification was made to the diffusion operator by Luke 6 and the new diffusion operator rectified the problem. The order of accuracy behavior with the refinement of the grid on two-dimensional skewed curvilinear mesh with the original diffusion operator and the new diffusion operator is shown in Figure 2 . This figure presents the order of accuracy (i.e., the exponential rate of decrease of the discretization error) versus the representative cell size 'h,' where 'h' is arbitrarily set to one on the finest grid. In a viscous finite volume formulation, velocity gradients are required to be calculated at the cell faces to compute the viscous fluxes through the face. Since unstructured finite-volume CFD codes typically compute and store gradients at the cell centroids, a mechanism for obtaining gradients at the faces are required. The Loci-CHEM CFD code calculates the gradients at the face by computing both normal and tangential component of the gradient. The original formulation for calculating the normal component of the face gradient utilized the strategy suggested by Strang et al. 14 This approach effectively neglects a term in the normal gradient which can lead to stencils with negative weights (which affect the code's stability). Luke 6 has modified the normal gradient calculation such that a limiter is applied to the term in question that both maintains second order accuracy in smooth regions of the flow and ensures a positive stencil, i.e., that the stencil of the operator should contain only positive coefficients. Similarly, the method of manufactured solutions will be helpful in assessing the accuracy and robustness of the diffusion operators on different unstructured cell topologies with varying levels of mesh quality and resolution.
IV. Grid Topologies
The different diffusion operators examined in this paper are tested on different mesh types in 1D and 2D. In 1D, only stretched cells contribute towards the mesh quality and hence the diffusion operators are examined on a uniform mesh and a non-uniform mesh with a constant stretching factor (i.e., the ratio between successive node spacings). In 2D, the factors which contribute towards the mesh quality are the cell aspect ratio, cell stretching, cell skewness, and curvilinear cells. All the above types of cells are considered in the evaluation of the diffusion operators. In the process of evaluation, particularly in 2D, only the minimum grouping of cells required (i.e., the stencil) are considered for the calculation of the solution gradients and diffusion term in a single cell. The structured grid topologies on which the diffusion terms are evaluated are shown in Figure 3 . The diffusion operators are examined on different cell aspect ratios, cell stretching and cell skewness to look at the effect of cell quality on the accuracy of the diffusion operators. 
V. Evaluation of Diffusion Operators
The evaluation criteria for the diffusion operators include the calculation of the solution gradients on the face centers and comparing with the exact gradients. Also, the sum of the fluxes on the faces is computed and compared with the exact integral of the exact fluxes on the cell boundary. A relative error is calculated on different cell sizes to compute the observed order of accuracy. The manufactured solution used for testing the diffusion terms is a sinusoidal function. The manufactured solution in 1D and 2D is of the form below.
In the manufactured solutions φ 0 , φ x , φ y and φ xy are constants. During the testing of the diffusion operator, the order of accuracy needs to be calculated using multiple grid levels. The grid size in this case can be varied (refined/coarsened) by changing the value of L in the manufactured solution or changing the value of ∆x and ∆y. The solution gradients calculated on the nodes in 1D and cell faces in 2D are the first derivatives of the solution variables and the diffusion terms computed at the cell centers are the second derivatives of the solution variables. But during the comparison of the computed fluxes with the exact solution, instead of second derivatives, the diffusion terms are calculated at the cell centers by integrating the fluxes (gradients) on the cell faces. The cell faces form the boundary of the cell in which the diffusion terms are calculated. The solution gradients and the diffusion terms are tabulated in Table 1 . The diffusion terms at the cell centers are computed by integrating the fluxes on the face centers using the Green-Gauss formula for the formulations tested here. The formulations vary from each other only in the way the solution gradients are calculated at the face centers. The different approaches tested in the present work include the node averaging method, 7 Gauss' theorem, 1 weighted least-square method, 7 and unweighted least square method. 
While testing the diffusion operators in 1D, all the above approaches simplify into a single approach, which is equivalent to linearly interpolating the gradients to faces and then computing the integral to get the diffusion term at the cell center. In 1D uniform and 1D non-uniform mesh, only three cells are considered as the stencil to formulate a second order viscous operator in the central cell. For testing in 1D, the cell center of the central cell in which diffusion term is calculated is fixed and the mesh is refined by shrinking the cells towards that cell center. The observed order of accuracy is calculated for the gradients on the faces and the diffusion term at the cell center for both 1D uniform and 1D non-uniform mesh and a second order behavior is observed for both the solution gradients and diffusion term at the cell center with the refinement of the mesh. The observed order of accuracy for face gradients and diffusion term at cell center for 1D uniform and 1D non-uniform mesh is shown in Figure 5(a) . For the non-uniform mesh with a stretching factor of 1.1, it is observed that the relative errors in the flux are higher when compared to the relative errors on the uniform grid, which show the effect of mesh quality. The comparison of error in the diffusion term at the cell center from the 1D uniform and 1D non-uniform stretched mesh with the refinement of the mesh is shown in Figure 5(b) . The error from the stretched mesh is initially first order on coarse meshes and increases above second order with mesh refinement; also, the errors from the stretched mesh are always higher than the errors from the uniform mesh. On a 2D mesh, the solution gradients are calculated on the four faces of the cell on which the viscous fluxes are calculated. Even in 2D meshes, the cell centriod of the central cell where the diffusion terms are calculated is fixed and the refinement is achieved by shrinking the remaining domain equally in all directions. The diffusion terms at the cell center and the solution gradients calculated on the face centers showed second order convergence with the mesh refinement for all the diffusion operators tested on 2D uniform mesh. Figure 6 shows the observed order of accuracy behavior with the mesh refinement for diffusion terms and the solution gradients using the node averaging method on 2D uniform mesh. The other approaches for the calculation of diffusion terms also showed similar behavior on the 2D meshes. The relative errors from the node averaging approach and Green Gauss approach are the same. Again, the un-weighted least square method and weighted least square method produced the same relative errors. The observed order of accuracy with mesh refinement for the diffusion terms and the solution gradients using the un-weighted least square approach is shown in Figure 7 . The diffusion operators are tested on cells with a constant aspect ratio. Meshes with aspect ratios of 5:1, 10:1 and 50:1 are used while testing the diffusion operator. A second order behavior is observed for all the diffusion operators. The observed order of accuracy for the diffusion terms and solution gradients, using node-averaging method and un-weighted least square method on a 2D mesh with aspect ratio of 5:1 is shown in Figure 8 and Figure  9 , respectively. Even on this mesh with aspect ratio cells, node averaging and Green Gauss approach generated same relative errors and both the least square approaches generated same relative errors. The change in aspect ratio has no effect on the accuracy and second order behavior is observed for all aspect ratio cells considered. Figure 9 . Observed order of accuracy of (a) diffusion terms (b) gradients using the un-weighted least square method on 2D mesh with aspect ratio cells
The diffusion operators also showed second behavior on skewed mesh. The solution gradients and diffusion terms converged to second order with the refinement of mesh for all the approaches considered. The observed order of accuracy with mesh refinement for the Green Gauss approach and weighted least square approach on skewed meshes is shown in Figure 10 and Figure 11 , respectively. The relative errors computed on different mesh types using all the approaches are compared. Using any particular approach for calculating the diffusion terms, meshes with aspect ratio cells and skewed cells generated more error than uniform mesh. Between the skewed cells and aspect ratio cells, more error is generated by the skewed mesh. The comparing of error in the diffusion terms using the node averaging method for the 2D mesh with aspect ratio cells and 2D mesh with skewed cells is shown in Figure 12 . The error is second order for all the diffusion terms with the refinement of the mesh. The diffusion operator is also tested on a simple 2D unstructured mesh which consists of equilateral triangles. Only the node averaging approach is examined on the 2D unstructured mesh and both the solution gradients on the faces and the diffusion terms in the cell center are second order accurate. The observed order of accuracy of the solution gradients calculated on the three faces of the triangle and the diffusion term at the cell center with mesh refinement is shown in Figure 13 . 
VI. Truncation Error Analysis in 1D
In order to study the behavior of the truncation error of the second derivative term, the analysis can be done in three steps with successive increase in complexity. First consider a 1D uniform mesh with the solution values known at the cell centers. To calculate the local numerical approximation of the second derivative, a three point local stencil using a central difference scheme can be selected. The numerical representation of the derivative for this case can be obtained from the Taylor series expansions of u i+1 and u i-1 about u i as follows 15, 16 : Although it appears that this approach is inconsistent, for systematic mesh refinement, s will approach one as the mesh is refined, causing the leading three terms to go to zero (although the rate at which s approaches unity will be important). Alternatively, a modified central difference expression for the second derivative can be written using the Taylor series expansion of u i+1 and u i-1 about u i with appropriate values of the grid spacing (∆x, s∆x) as follows: Note that the truncation error is of order two for non-zero stretching factor because as the mesh is refined the stretching factor approaches unity. Also, the above expression reduces to that for uniform grid for unit stretching factor as expected.
12
Lastly, one approach for computing solution on meshes suitable for structured grids is to perform a global transform of the governing equation. An additional motivation for performing such a global transformation is that it will provide insight into the role of mesh quality (stretching in 1D or stretching, skewness and cell aspect ratio in 2D) on the truncation error. 15 
Stretching
Standard TE
The second and third terms on the right-hand side will be small when the discrete form of the transformation metrics is used. 17 The fourth term involving x ξξ is a grid stretching term, and the fifth term involving the square of x ξ is the standard leading truncation error term that appears when the equations are discretized in physical space on a uniform grid. Note that the truncation error appears as second order in this formulation.
These three approaches are compared for a sample case for a cell at the cell center location, x 0 = 0.2, cell width of ∆x = 0.05 and a stretching factor of s =1.1. A sinusoidal function u(x) = 70 + 5Sin(2π(x-x 0 )/L) is selected in this case and the domain length is unity. It can be observed from Table 2 that for a uniform mesh the numerical errors match the errors suggested by the analytical expression. As expected the expression for TE 1 overlooks the non-uniformity of the mesh, while TE 2 gives absurd result. The results obtained from expressions of TE 3 and TE 4 provide reasonable error estimate with the truncation error evaluation using transformed coordinates provides superior result. Note that the last formulation also provides an insight into the effect of mesh stretching on the overall truncation error. Transformation metrics are evaluated numerically.
13

VII. Conclusions
Evaluation of different diffusion operators is performed on different grid topologies to test the accuracy and robustness of the schemes. Method of manufactured solutions for code verification is used for the evaluations of the diffusion operators. All the diffusion operators tested showed second order behavior on the grids considered. It is observed from the evaluation, in both 1D and 2D, the mesh quality has effect on the errors even though the accuracy is not affected for the options tested in present work.
